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Associative BinaryOperator÷ some binary operator

old function : fC⇒E if at ) then BCE ) else CC E) * FCDTED I = ( x .
,

... ,xn ) I ( ⇒ =(dd⇒
,

...

,
dnt ) ) n > 0

€na( ⇒ ⇒ µf( d- ( I ) ) Lf µf(I )

_

fc ⇒ = c # * ((d- C ⇒ * (

cCFGDFtxFeDex@dCdmCEH.r.DmzoVjetq.ym.s
}.ia(diEDaldine ))÷- - - -

-

.

- .

-
expansion off(E)

r

'

'

condition : ASCO u * ( v * w ) = ( u * ✓ ) * W
- associatively ⇒ ( U ,* ) is a semi group

I

:
expansion ofFETE(.to#*IF*FDg**yddmCxD)*gbCdmCxD-

Initially , If iacx )
,

)
then

,
while 7eh⇒

, finally ,
when at )

,

set r :=c⇐ ) and update r :=r*cC⇒ return r*b(⇒ if at ) initially ,

update I :=ot( E) and I :=dTI ) return bl ⇒÷ulatef⇐)whenm>ocakulatef(⇒whenm=
"

new function : FYE ,r ) € if at ) then r*b⇐ ) else f '(dT⇒ ,
r * CCED - tail . recursive

Mf ' ( I ,r ) £ µf( E) Lfi E hf

relation between f and f
'

: ft ) = if at ) then BCE) else fydtx )
,
CCED



t

¥
7

afx
) ⇒ µf , (

DTE
)

,r*c(I
)) <

f
, µfi (

E
,r ) - f

' terminates

Tatag-mf (ITA) < fmf⇐ )

(
* .

wfa¥nt*⇐i*↳n¥EI
,

1- ¥f
'

( I ,r ) = r * f (E) - relation between f
'

and f ( f
'

in terms of f)

base )
a( ⇒ Fifth,r)=r*b( ⇒ =r*fC⇒

/ §f (E) = b (E) ) (" "
'steps

.

.us#xtfEfsIIEefEdYr'**a*an*Fhe*ex*t*Kr*fa'

IH \ \
f

' ( DTCI ) ,r*d⇒)=(r*cC⇒)*f( d-(x-D

QED

tf@fCx7-ifaCxTthen_bCxTelse_fYdTxT.c

(x-D - relation between f and f
' ( f in terms of f ' )

f( ⇒ ¥ if at ) thenbttelse d⇒*f( d- CID

|⇒ft¥Ia¥EftdT⇒,d⇒=d⇒*fat⇒j

# d ⇒ the # etsef'CdT⇒,c⇐ ,

wrapper : # E) E if at ) then bfe ) else f 'CdT⇒,cC⇒) ⇒ +

¥
fC⇒=fC⇒



Associating_Operatorwit#ftIdty
s { ASCO u * ( v * w ) =(u*✓ ) * w - associatively

condition
€ be, * u = u

- Left identity

f€gd⇒*(ddT⇒)*(da2GD#*¥y⇒*=dnC⇒#))

- expansion of t
,

as before

ic=#,b( ⇒ * cC⇒*ddT⇒)*da2GD* . .  . * ( data # * BCIMGTD
*

T.pt#D*..dmtA*bCdmtM((b⇐#C⇒)*ddT⇒D
start with r :=bC⇒ \

update r÷r*c⇐ ) than before
,

no initial split on at )
,

instead of r

:=cC⇒%
IfIT to update I :=I( I ) Initially because r starts as b⇐ ) instead of cC⇒

-

4
new function : FYI ,r ) £ if at ) then r*b(⇒ else fYdT(⇒,r*d⇒) - as in associative - only case

t@ffYx.r
) = r * f( ⇒ - as In associative - only case

t ¥

f(I)=f
' (
I

,

be
) )

( et

,jfr⇒⇐Lf'G-,bH)=bC⇒
*

f⇐)¥ftx
)

wrapper : FCE) Ef

't,b(⇒
) ⇒ t

FDF
f (E) = FCE)



Associative Binary Operator with Right Identity
÷auditions{ AD U * ( v * w ) = ( u * ✓ ) * w [associatively

ROT u * BC E) = u right identity

_

fc ⇒ = cc ⇒ * ((d- ( x-D * ( dFGD*..INT#rbCotmCxD).. .

)) - expansion of f
,

as before

€4
.de#*ta**FD**ddnEsD*bcameD

-
if m > a

11

if m > 0
, if m=o

,

i. .
¢hETa⇐D#*dCd2C⇒D*.

. .

* dam -

y⇒ )
/ finally return r Initially return btx )

instead of rtxbfx ) as in associative -

'

only case-

K
new function : f '( I ,r ) E if at ) then BEI else fYdT⇒,r*c(⇒) µf '

,
< fi , if , as before

tf@fYx.r)=r *

ffx
)

base )
a ,⇒¥

f

't,r)=r¥r*btjir*fG
)

Induct f
' 87ft)=bfA(

.

T
step ),d⇒stH⇒=d⇒*f!d⇐"t.ro#*fcdtEr*GFtcdIDr*fAgIpf4x,r)=fYdH,r*cCx

) )

* ↳you,r*d⇒)=(r*cED*fCdTx¥
t

#
f ( ⇒ = if at ) then bC⇒ else f '(d-(E)

,
c( x-D - as In associative - only case

wrapper : FC ⇒ E if at ) then bfxtelsefydcxt ,
d⇒ ) = > t

FDF
f( E) = FCI) - as In associative - only case



Associative Binary Operator with Left and Right Identity
÷CO

u * A * w ) = ( u * ✓ ) * W - associatively
conditions ( LOIbe) * u = u - Left identityRIO

u *
BGA

= u - right identity ⇒ ( U
,

*
,

b.) is a monoid

+PejgEngs¥¥'5Fyftf±bG

)) ⇒ b.±bt ) - constant value of b

)

_

fc ⇒ = cc ⇒ * ((d- ( x-D * ( dFGD*.tt#(cCdmED*=dmCxD).. .

)) - expansion of f
,

as before

f¥⇒ !!.at#***D*aEsD*...*dam*y
start withr :=b(⇒ / \

no InitialI :  Ede ) nofinal rtxbk )
)

no Initial
,

split on a (E) }
"

combine
"

LI and RI

LI LI RI LI

.
¢

new function : FYI ,r ) E if at ) then bfilelse fYdT⇒,r*c(⇒) - as in associative - with - right . identity case

+ # FYE,r)=r *ft ) - as in associative
- with

. right - identity case

tf@flxJ.f' (I ,be ) ) - as in associative
. with

.

left - identity case

wrapper : FCE) EFCE ,
BCI ) ) ⇒ +

#
f (E) = f- (E) - as in associative

. with
.

left - identity case



Restrictions#
peratorpreopertiestoadomaind

EU - domain

@
at ) ⇒ D (b

#
[

domain closure for b

| 0€ 7aC ⇒ ⇒

DKCI
) ) domain closure for c

D

D(u)^D(v)⇒D(u*r
) - domain closure for *

conditions

|ts¥Dg¥ygDG)^D(w)⇒u*G*w)=Cu*D*w

- associating
LIO D Cu) ⇒ BC⇒ * u=u - left identity ( optional )

RIO D (a)
⇒ u*b(⇒=u - right identity ( optional )

TDFDD(f(⇒) -

domain
closure for f

base ) at) IsfC⇒=bC⇒

induct onf
/Db\D(b⇐)) }DICEDstep )(

⇒

'

t.IE#IIItaEIE.**tb*II*ta*7**DbnDcnD*

⇒ all the operands of * in the expansion of f(⇒ are in D ⇒ ASC and RI apply

but LI applies only If bt ) is such that at ) holds => we cannot use b( ⇒ for any I in general

⇒



I
calculate

, from any E
,

some b(⇒ such that at ) holds ( i.e. go to the
"

bottom
"

of the recursion of f ) :

BC ⇒ E if at ) then bC⇒ else B(dTl⇒) µ( ⇒ Eµ( ⇒ <
p

± < f

+ @ 7 # ⇒ ns(otGD<µC⇒ t DPD DCPCID
base ) ace ) # pC⇒=bC⇒

7 a (E) Is µf( DTI ) ) < f µf( ⇒

induct on s

* D(bC⇒ ,
⇒ DGED

|⇐
,

iii"a⇒Etsm¥i ' |⇒ <
stemna¥¥sfaf⇐f⇐;fat⇒jixn⇒

LI ⇒ + LID DCU ) ⇒ PCE ) * u=u

base ) aC⇒#sp⇐)=bC⇒
D(u)¥sbC⇒*u=u}BC⇒*u=uHIT"⇐n;E⇐¥EsYE¥¥dI⇐u

'

}s⇐*u=u

RI ⇒ TRIBD D(u ) ⇒ u*BC⇒=u

base ) aC⇒ # pC⇒=bC⇒
Dcu )¥=su*bC⇒=u}u*BC⇒=u(ofustmksten;i;'÷Ii⇐*';EY⇒t⇒⇒*s⇐u



new function : FYI ,r ) =s f if d⇒ then r else f '(dT⇒,r*d⇒ ) ⇐ RI

If atx ) then r*bC⇒else f '(dT⇒,r*d⇒ ) ⇐ , RI
- as when

D=U
t

#
D G) ⇒ f 't

,r)=r
* f CI )

RI )
¥f(⇒=bE)

at )

finite"k.ie#EIIIEIIEEEIII*r*IIYstep )
, a ,⇒¥fG)=d⇒*f( DIED -

# YI

,r)=fYdT⇒,r*d⇒)=(r*cED*f(dTIDzr*(d⇒*fCdT⇒7

) - rtxfh )
*

Ddf.PE?t*TDCr*d*7#CEh5*@aItF*aIIe*IYII*IYIya*.Ig*aHr***taaf

QED

A and LI are not used In f
'

and f-
'
f



LI ⇒

tf@ffx7.f
'(I. BCED

Ds-

DKID&.it#EFs*a*=sa*ta=ra

,

D €

wrapper : FCI) ± f 't
,
BCED ⇒ t # f (E) =f⇐ ) - as whenD=U7 LI ⇒ t # f( E) = if at ) then bt ) else f ' ( at )

,
c CI ))

f( E) Ef if at ) theabh ) else of E) * f(dT⇒ ) at

( f
't¥÷E¥DHy,⇒tea⇐w⇒

,.ca#tjjaftthetbtjaaa- raft ) ⇒ fkdtx ) ,cG⇒)=dE)*f(dTe ) )

Bc - na( ⇒ ⇒ D c⇐ ) -

wrapper : ft ) ± if at ) then bC⇒ else FYDTEI
, c(⇒ ) ⇒ +

FFD
fC⇒=fC⇒ -

as when

D=
U

B Is used only if LI holds ; only LIB Is used here
,

not RIS



LI
n RI ⇒

tb.co#alx)naly)=7bh)=b(y
)

t LID D (a) ⇒ b. * u ±u

HgaFtI@IfI.MfobbaYIIYyYIYgEpI.a
. ,=% ,

been
# s ' ⇒ * u=u±ba*u=u

t RIDDCU) ⇒ u * b.
 =u

| Dae) #fu * p(⇒=u
k

u * b. = u

t @ a (5) ⇒ pG⇒=bCy ) RED

t.I.mn#iI:ItEIEeIY!IEIEaE*EIIIi.ftHfs****a.D*nDb.nASCnLIonRIotP.c@BCx7=pCy

) H
( D

,
* ,b . ) Is a

monoid
base ) at ) # BC ⇒ =b(⇒

kssGy=bG⇒Tsk⇒=pG ,his;;mKs⇒¥E¥I÷ye¥aes⇒aan⇒⇒
a

b.
 EPCI ) - constant value of s

,
i. e. of b under a



Guard
old function : f( E) ± if at ) then bC⇒ else (G) * fc d- ⇐ D -

8aC⇒=8d.€)n . .  ' n8dnh⇒

@

ya
(e) ^ [ yth ) ⇒ yah ^[ah⇒⇒rbC⇒]^Ga( ⇒ ⇒ go ( ⇒

^zaC⇒^yf(dT⇒)ny*kC⇒,fCdT⇒D]

]

De
U - domain

conditions { @

8D
⇒t - D always well - defined

G*D y*=DxD- * well - defined at least over D

new function : FYI ,r ) =s f if d⇒ then r else f '(dT⇒,r*d⇒ ) ⇐ RI

If atx ) then r*bC⇒else f '(dT⇒,r*d⇒ ) ⇐ , RI
- as before

jrfx ,r)£(yrtxtnDG) ]

t # wf , ( I ,r )

RI ) ✓f_✓f#G*#H# D|a⇐.ru#itnrFnewxErE*ntEIgEgg*fIEyIy.Tr**

TRI )

www..sn#*nkics*nDh*IEHEryEEnaaa=,.jkwfYa

)
- / L

as

Db\D(b(⇒
)

QED



BCI ) E if at ) then bC⇒ else BCDTCID - as before

js (E) Egf ( I )

t @ wsC⇒

## f|⇐;y⇒.rs#inshaEElEEHTnlmEEEd*D

wrapper : ftp.ffk.mx ))

if at ) then bC⇒ else fyotf ) ,c(⇒ ¥ YLI -

as before

8ft ) € jf (E)

+ @ weC⇒
Ds Sof ,

e) wH⇒=n¥Fn↳c⇒€ji€s¥⇒]
|

" ⇒

a ⇒ .

www.a#EiEFIfIFIETweEitnT"

QED

if F is not generated , a proof like this establishes that the body of F is guard - verified under zf (E) :

this theorem Is useful to guard - verify terms where a call to f is replaced with the ( instantiated ) body of F



Decomposition of the Old Function

-
E) ± If tethen tz else t } te ,t , ,t , terms without let f occurs in t

} ,
not in tear to

a ± XI
.

t
,

b EXI
. tr

all calls to f in t3 must be identical : f ( Se
,

. .
.

,
su ) St ,

. . . ,snterms net containing f n > 0

di EXI .si

th E t }[f(s .
,

... ,sD/r]
,

r fresh variable { REFYTT )
,

otherwise f would not be recursive

Is # r
,

otherwise f would be alreadytail
. recursive

C ±f(c,
* ) E ( Unit )x(U×U→U ) / E=cC⇒*r } - candidatesfor a and *

IN
C =¢ , e.g. Is ± glxnxz ,

r )\ KI=L
, e.g.

Is = gcx . ,r ) ,
C\ KI

>e
, e.g. E,

±

gckcxd
,r ) ,

¥¥%F¥
,

Cid
,

Hq
,

. )
.

gang
)

,
. )) }

exactly one ( c
,

* ) E C for each terms such that r¢ FVG ) and FV(E3[s/q ] ) = fq ,r } , q fresh variable

S includes all occurrences of I in Is

special case : FYE } ) - { r }
,

i.e. I do not occur in #
⇒ any s would do

,
but then * may ignore its first argument , making Asc

,
LI

,
RI less likely

when two such terms s and s
'

are one a subterm of the other
,

one is not always better than the other , e.g. :

s = xz =) * = Hq ,r ) .

-

qtr is not associative
I ,

±  - x. + r
/ ) ⇒ larger term is

better-
s

'
'= - xs ⇒ * = XG ,

r ) . qtr is associative

Is = - fx , ) + ✓ f
s ± in ⇒ * = 14,4 .

- Cg ) tr is associative

s '± -

xt
⇒ * = Hq ,r) .

- qtr is net associative )⇒ smaller term is better



EpecialCase:GroundBaseValue_
old function : f (E) ± if t

, then tz else t }
- as In discussion about decomposition

FVAI ) =¢ - groundbase value ⇒ bttx. b.
,

b. EU ⇒ ftx ) = if at ) then b. elect )*f(dT⇒ )

+ @ BC⇒=bo LI ⇒ t LID DCU ) ⇒ b. * u=u

base ) at ) $ RC⇒=bo Dh )

#
BE )*u=u Lbo * u=u(

SED| yeastmkstep.IE#asFffEY.IdtY
"

| # ⇒ytqjIEI.fr#EIIbu*b.=utDbDD(
b.)

RED

| DB - D(BC⇒)€sD( b.)
D*nD↳nAsc^ Lion RI

. ⇒ ( D
,

* ,bo ) Is a
monoid

QED

.
and ftf are the same as before ( they do not use B and LI )

LI ⇒ + ¥ f. (E) = FYE , bo)

Dbo - D(b . )

h¥¥xE¥I⇐Eb±⇐t¥⇐
'

wrapper : F( ⇒ EFYI ,b . ) ⇒ t ffD fC⇒ - FCE) - as before



a ( ⇒ E if ACI ) then I else_ a(dT(⇒) 2 : U
"

- U
"

- calculate to such that a # holds
, from any I

µ£( I ) €µf (E) < &
£ Lf

t @ race ) ⇒ m£( DTI )) < a mat )

nal ⇒ Is µ+( DTED < + µ+(⇒|⇐
,

initio 's"

.mn#ndt@aCxCxH
base ) at ) # &C⇒=I

induct on ×

- ak(⇒ )

|⇒ <
steps ' ¥⇒I÷aYEy⇒;n#Iau⇒

Vf  ⇒ t @ jsf ) ⇒ y+(x(⇒ )

base ) at ) # aC⇒= I

/ y+⇐ ,
-7r£GC⇒

|
induct and\

step ,
natsa_aCxs.aCdED-yfGCxDyrtxrM-jkCdTE@sys.k

( IGN

QED



b = XI.ba ⇒ jb £ XI
. yb

. , Jb
.

EU

tjb.co#jb(x)=jb(y )

key#
Er.8b . Enno

Vf  ⇒ t @ y¢( ⇒ ⇒ jb ( I )

I (E) # yf(aC⇒ )

¥epakc⇒rtIrbk⇐Dnentn⇐,

Vfn LI ⇒ t # we (E)

µ }
Db .sn ,

|µ⇒wH⇒=8ml⇒^[8fCxte@H8yCxfb.D - b.  =bC⇒

summary of this special case ( ground base value ) : b. can be used instead of B ( when LI holds )

note that Db
.

and LI
. can be proved without using B :

y@
D( b.) - alternativeproof + LID DCU ) ⇒ b. * u=u - alternativeproof

aa - akhtD.PE#.DCbkHDITb*pCb . )
|

" ⇒

( qq.gyakkt.tt#_bkhD*u=uITI,b.*u=uQED



Extension of Operator Associatively and Closure outside the Domain

÷D aC⇒ ⇒ DCBCID -

as before

| # D(u*D
- unconditional version of D*

conditions yA@u * ( ✓ * w)=(u*✓)*W - unconditional version of ASC

LTD aC⇒^D(u ) ⇒ bC⇒*u=u - as before ,
but required ( not optional )

RIO a (E) ^D(u ) ⇒ u*b(⇒=u - as before
,

and still optional

( Dbn D *

'

n
ASC ' ) Is neither weakernor stronger than ( DbnDc^D*^AK )

D*
'

and ASC
'

may
be satisfied when * fixes its arguments to be in D

t DFO DCFCID -

as before
,

but slightly different proof

aC⇒ # f⇐tbC⇒ -
/ * D(b(⇒) -

DfC⇒ )

net ) Is f( ⇒ = # * f CITED¥¥*'
FEE.es#DEEs*fcdiayIDAaBCx)EiIaCxTthenbfe)elseNdTxD

- as before

t DBD DACE)) - as before
,

same proof

t LID D(u)⇒BC⇒*u=u -

as before , same proof

RI ⇒ t RID DG ) ⇒ u*BC⇒=u - as before , same proof

RE ⇒ ( D
,

*
, b.) is a monoid - as before , same lemmas and proofs



new function : FYI ,r ) =s f if d⇒ then r else f '(dT⇒,r*d⇒ ) ⇐ RI
- as before

If at ) then r*b⇐)else f '(dT⇒,r*d⇒ ) ⇐ n RI

t

#
D G) ⇒ f 't

,r)=r
* f CI ) -

as before
,

but slightly different proof

RI )
¥f(⇒=bE)

at ) /*. .t.tn#EIaII*xIiExIIEII**r*IY\ sftfk ,r)

step )
, a ,⇒¥fC⇒=d⇒*f(

dTEDaT.8t7fYx.D-fYdTxT.rtxdxD-CrtxcCxDtxfCdTID-rtxCcCxttxfCdCxtHtrtxfCxTHfDtxl-DCrtxcGDDCrrtxcCxD-sfYdfhrtxcCxD-CrtxcCxDtxfCdTxDQEDtff@fCxT-fKx.B

(x-D - as before
,

same proof

the proof of ff
' when LI does not hold needs Dc to use an instance of flf

⇒ LI is required here ;
otherwise ( Db^Dc^B*'NASC

'

) is stranger ( i.e. less satisfied e)than ( Db^Dc^D*nASC )



@ 8D =U
-

as before

conditions { G*O y*zD×D - as before

GDP jsl E) mat ) ⇒ DGCID - weaker version of Dc
,

conditioned by the guard off

jrfx ,r)£(yf(E)

^D(r
) ] - as before

t # wff I ,r ) - as before
,

but slightly different proof

RI ) #a*- D
'

✓ f - ✓ f Vf|a⇐n=#¥n#Fnwww.#iEsEfgEggEIEywiihixr**I*
TRI )

wean

.sn#*nkiw*nDh*IErEtryEEnaaa=,.jY.I*I*I)
- yLasDb\D(b(⇒

)

QED

yp( ⇒ E yf (E) - as before

+ # - as before ,
same proof

yI( E) Eyf ( I ) - as before

t # - as before ,
same proof ( only LI case )

special case of a ground base value : everything is the same as before


